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Multiple Scattering

LAI 1
Scattering order

Contributions to reflectance and 
transmittance



Multiple Scattering

LAI 5
Scattering order

Contributions to reflectance and 
transmittance



Multiple Scattering

LAI 8
Scattering order

Contributions to reflectance and 
transmittance
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p: recollision probability
ω: single scattering albedo of leaf



2nd Order scattering:
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Assuming p constant with n



‘single scattering albedo’ of canopy

Assuming p constant with n



Theory unsatisfactory …

• ‘simple’ p model fails for high LAI
• p not constant with n
• p becomes effective value

• How might we extend it?
• Seek conditions where P ~= constant with n
• ‘trick’ is consider asymmetry



The tools

Numerical 2-stream

Analytical 2-stream

Source terms



The tools

Numerical 2-stream

n

p



Similarity relations

𝜔𝜔∗ =
1 − 𝜉𝜉 𝜔𝜔
1 − 𝜉𝜉𝜔𝜔

𝜏𝜏∗ = 1 − 𝜉𝜉𝜔𝜔 𝜏𝜏

Van de Hulst (1974)



Examine impact of xi 
on recollision probabilty



Examine impact of xi 
on source



Examine impact of xi 
on recollision probabilty



Examine impact of xi 
on source



Examine impact of xi 
on recollision probabilty



Examine impact of xi 
on source



p



Hypothesis

• There exists a ‘critical’ value of (+ve) xi at which 
p is effectively constant with scattering order



There exists a ‘critical’ value of (+ve) xi at which p is 
effectively constant with scattering order

• Examine impact of xi on recollision probabilty



There exists a ‘critical’ value of (+ve) xi at which p is 
effectively constant with scattering order



So what?

• Shown empirical evidence to support 
hypothesis

• Can model canopy scattering under conditions

• p takes ‘true’ value (infinite scattering order p)
𝑝𝑝 = 𝑝𝑝 𝜏𝜏, 𝜉𝜉 = 0

𝑊𝑊 𝜏𝜏,𝜔𝜔, 𝜉𝜉 = 𝜉𝜉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =
1 − 𝑝𝑝 𝜔𝜔∗

1 − 𝑝𝑝𝜔𝜔∗



But …

• We wanted (e.g.) 𝑊𝑊 𝜏𝜏,𝜔𝜔, 𝜉𝜉 = 0 …
• So apply xi in reverse:

(plus scalar 𝛼𝛼)
𝜔𝜔∗ =

1 − 𝜉𝜉 𝜔𝜔
1 − 𝜉𝜉𝜔𝜔

𝑊𝑊0 =
𝛼𝛼𝑊𝑊∗

1 − 𝜉𝜉 + 𝜉𝜉𝛼𝛼𝑊𝑊∗

𝑊𝑊∗ = 𝑊𝑊 𝜏𝜏,𝜔𝜔, 𝜉𝜉 = 𝜉𝜉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑊𝑊0= 𝑊𝑊 𝜏𝜏,𝜔𝜔, 𝜉𝜉 = 0



Full model V0.1

𝑊𝑊∗ =
1 − 𝑝𝑝 𝜔𝜔∗

1 − 𝑝𝑝𝜔𝜔∗𝜔𝜔∗ =
1 − 𝜉𝜉 𝜔𝜔
1 − 𝜉𝜉𝜔𝜔

𝑊𝑊0 =
𝛼𝛼𝑊𝑊∗

1 − 𝜉𝜉 + 𝜉𝜉𝛼𝛼𝑊𝑊∗

𝛼𝛼 is clearly fn of 𝜔𝜔
𝛼𝛼 =1, 𝜔𝜔=1

Which is a little unsatisfactory



Leaf scattering



Tau = 1
xi = 0



Tau = 1
xi = xi_crit



Tau = 5
xi = 0



Tau = 5
xi = xi_crit



Tau = 20
xi = 0



Tau = 20
xi = xi_crit



Discussion

• Interesting phenomenon p constant
• Uses similarity relations for 𝜔𝜔

• Known impact on 𝜏𝜏
• But what is impact on p?

• Interesting that solution provides true p



Conclusions

• Empirical evidence for condition of constant p
• Can model canopy scattering under conditions, even for high 𝜏𝜏

• p takes ‘true’ value (infinite scattering order p)
𝑝𝑝 = 𝑝𝑝 𝜏𝜏, 𝜉𝜉 = 0

• 𝑊𝑊 𝜏𝜏,𝜔𝜔, 𝜉𝜉 = 0 recovery needs more thought …

𝑊𝑊 𝜏𝜏,𝜔𝜔, 𝜉𝜉 = 𝜉𝜉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =
1 − 𝑝𝑝 𝜔𝜔∗

1 − 𝑝𝑝𝜔𝜔∗
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